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ABSTRACT. A deterministic walk in a random environment can be understood as a general random 
process with finite-range dependence that starts repeating the loop once it reaches a site it has visited 
before. Such process lacks the Markov property. We study the exponential decay of the probabilities 
that the walk will reach sites located far away from the origin. We also study the similar problem for 
the continuous analogue, i.e., the process that is a solution to an ODE with random coefficients. In this 
second model the environment also has "teleports," which are the regions from where the process can 
make discontinuous jumps. 

1. Introduction 

A deterministic process in a random environment is a solution to the differential equation = 
b(X u co), Xq = 0, where the vector field b : R d x £2 — > W 1 is defined on a probability space (£2, P). We 
are interested in the large deviation properties of the solution X t . The process is called deterministic, 
because, once the environment is sampled from the probability space £2, the entire process depends 
only on the initial position Xq. 

We will consider the modified version of the previous process, in which we allow for certain ran- 
domness in time. The environment is located in the Poisson point process, and small neighborhoods 
of the Poisson points serve as teleports. Once the particle spends sufficient time within a teleport, it 
is subject to a jump. However, whether the jump will occur or not is going to depend on additional 
time-dependent random sequence. 

Under some additional assumptions on b and the environment, we will establish the following 
result about the moment generating functions of X t . 

Theorem 1.1. Under the assumptions from the section\7\there exists a convex function A : W 1 — > R 
such that 

r " n =A(A). 



lim -logE 



e xx, 



Here E denotes the expected value with respect to all randomness. This is known as an annealed 
or averaged process. 

To get an idea on how to approach the problem we first consider a discrete analogue - the model of 
a deterministic walk in a random environment. We look at a random sequence X n defined recursively 
as X n+ i —X„ = b(X„,(o), for suitable function fciZ^xQ-) H 1 . Our aim is to establish the following 
theorem. 

Theorem 1.2. Let (ilz)zez d ^ e a stationary Z d -valued random field that satisfy the assumptions (i)— 
(Hi) (we refer to the assumptions from the section^. The random variable X„ is defined as Xq = 0, 
X n+ i = X n + Tjx„- Then there exists a convex function A : M. d R such that 



lim - log I 

n->oo n 



e XXn 



= A(A). 



Notice that we may assume that the field b(x, co) is of the form b(x, co) — J] x > where 77 is a random 
field on If 1 . The field 77 itself could be understood as the random environment in which the walk 
occurs. When the particular realization of the environment is fixed, the walk becomes deterministic. 
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One of the main characteristics of this walk is that once the loop occurs, the walk will start repeating 
the loop forever. 

In order to make some connections of this model with the one of the random walk in a ran- 
dom environment, we start from the representation of X„ as X n+ \ — X n = b(X n ,co,n). Here b : 
Z d x £2 x n -> Z f/ is a random variable, and (£2,P), (Tl,P) are probability spaces. In this model, 
(£2, P) is the environment, and for each fixed co E £2, the walk X„ could be understood as a random 
walk on probability space (II, P). Recent works lfl3l and (5 | have established the quenched and an- 
nealed large deviations for the random walk in a random environment under certain non-degeneracy 
assumptions on (II, P). The articles [9] and [14] found variational formulas for the rate functions 
and some connections between the two rate functions. The model we are studying is related to the 
annealed (averaged) case studied in the mentioned papers. Here, the probability space (II, P) is very 
degenerate. 

The main idea for the proof is the adaptation of the subadditive argument. However, we need 
some work to find a quantity that happens to be subadditive. This quantity is found in section |4] 
where we prove that it has the same exponential rate of decay as our large deviation probabilities. 
After that we are ready for the proofs of the main theorems which are presented in the section 
Section [6] contains an easy consequence, i.e. the law of large numbers. The law of large numbers 
with limiting velocity for the deterministic walk in random environment is not a surprising fact. It 
is intuitive that the loop will occur, the expected time of the occurrence of the loop is finite, hence 
the walk can't go too far. 

We are assuming that the environment has finite-range dependence. The special case is the iid 
environment where many of the presented arguments can be simplified. We are not assuming that the 
walk is nearest-neighbor. We do assume however, certain ellipticity conditions on the environment: 
There is a nice set of vectors such that using only these vectors the walk can move in any direction. 
Our ellipticity condition is the assumption that the probability that the walk at any position of the 
environment takes any particular vector from the nice set is uniformly positive. 

In the next section we state the assumptions we impose to the model and state the theorem I2TT1 
that will be the main focus of our study. In order to prove it we will need some deterministic lemmas 
that establish the uniform bounds on the probabilities that the walk can go virtually in any direction. 
These statements are stated and proved in section [3] In the end we discuss the generalization of this 
approach to the continuous setting. 

Many of the arguments here involve the consideration of the position of the particle at the time 
of the first self-intersection. Other interesting results regarding self-intersection times of random 
walks can be found in [1| and [2|. The hitting times and back-tracking times were a useful tool in 
establishing the laws of large numbers of for ballistic random diffusions (see [ 10 1). 

2. Definitions and Assumptions 

Definition 2.1. The set of vectors {u\, . . . ,u m } C Tf 1 is called nice if for every I 6 Mr there exists 
i £ {1,2,..., to} such that I ■ iij> 0. 

Let {f] z ) z ei d rJe a stationary Z^-valued random field that satisfies the following conditions: 

(i) There exists a positive real number L such that |tj z | < L for all z&Z d . 

(ii) There exists a real number M such that tj z is independent of the environment outside of the 
ball with center z and radius M. 

(iii) There exist a nice set of vectors {u\, . . . ,u m } £ I/ 1 and a constant c > such that P(tj z = 
Ui\^ z ) > c for all i € {1,2,..., to}, where J? z is a sigma-algebra generated by all rj H , for 
w e Z rf such that < |w — z| <M. 
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The last assumption implies the existence of a loop in any half-space with a positive probability (see 
theorem \3.1i . It also implies that there exists a constant c > such that P(fJ z • I > Oji^) > c for 
every z. 

A special case is the iid environment when in condition (ii) we require M < 1 . The condition (iii) 
is then replaced by P(rj z = ui) > c for all i. Many of the arguments would become simpler and/or 
less technical if we assumed that the environment is iid. 

The random variable X n is defined recursively as Xq = and: X n+ \ = X n + r)x„ ■ 

We will use the following equivalent interpretation of X„. The process X„ behaves like a random 
walk until the first self intersection. The increments of the random walk are sampled at every step 
according to the law of the random field rfe. After the self intersection occurs, the walk becomes 
deterministic and repeats the loop. 

Here is the precise definition of the walk X„ that we will use. Let ^„ be a Z^-valued random 
sequence defined recursively: <!;q = 0, and <^„ = 77^ _ t . Let us define Y n — Y%=\ <=/t ar, d 

x = mf{n:Y n e{Y l ,...,Y n ^ l }}. 

Let 6 < x be the smallest integer such that Y T = Yg. We define the walk X n using the formula: 

X f Y n , n< x, 
" \ Y e+V , «-t = m(t-0)+v,O< v< 6-x. 

Let I G M. d be a unit vector. Define T l m — inf{n : X n ■ I > m}. Denote by Z l x the hyperplane through 
x GZ d orthogonal to the vector I. Let us further denote by H[ the half-space through x determined 
by the vector / as 

H l x = Z d D (x+ v : v e M. d ,l ■ v > o| . 

Our goal is to prove the large deviations foiX„ (see the theorem |5T2| >. We will be able to use the 
Ellis-Gartner theorem to get some further bounds once we establish the following result: 

Theorem 2.1. Let X n be the random walk defined as above. Assume that the random environment 
satisfies the conditions (i)-(iii). For each unit vector I £ K'' there exists a concave function (j) 1 : 
R + — !• R such that for all k e M+: 

(1) lim -\ogP(X n ■ I > nk) = <b'(k). 

Remark. Notice that § l (k) = § ,l {tk) for all t G R+. Therefore <j> l (k) =<5 Q/) for a suitable function 
O : R d -> R. 

3. Existence of a Loop 

In this section we prove that the previously defined random walk will have a loop in each half- 
space with a positive probability. This fact will be a consequence of the following elementary 
lemma. The lemma states that there exists a loop consisting entirely of vectors from a nice set. 

Lemma 3.1. Let {u\, .. ., u m } be a nice set of non-zero vectors. There exist non-negative integers 
q\, qi, . .., q m not all equal to such that q\u\ + \- q m u m = 0. 

Proof. We will prove the statement using the induction on the dimension d. The statement is easy 
to prove for d = 1 and d = 2. We may assume that {u\ , . . . , u m } is a minimal nice set, i.e. there is 
no proper nice subset of {wi, . . . ,u m }. If not, take the proper nice subset and repeat the argument. 
Let us fix the vector u m , and let v; = u, — j^rju m for i = 1, . . . ,m — 1. All vectors vi , . . . , v„,_ i have 
rational coordinates. Let r be the common denominator of those fractions and consider the lattice D 
of size 1 jr in the vector space determined by the span W of vi , . . . , v m - 1 . Let us prove that the set 
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{vi , . . . , v m - 1 } is nice in W. Let / £ W be a vector with real coordinates. There exists i £ {1, 2, . . . ,m} 
such that M; ■ / > 0. Since leffwe immediately have that u m ■ I = and «,••/ = v,- • Z hence v; ■ / > 0. 
This implies that {vi , . . . , v«_i} is a nice set of vectors in W. According to the induction hypothesis 
there are non-negative integers q \ , . . . , q'_ l such that q\\'\A h j V m - 1 = 0. We now have 

\u m \ 2 {q'\U\ A \-q' m _ x u m -\) = {q\u\ ■ u m H \-4m-\ u m-\ -u m )u m . 

Let us now prove that q\u\ ■ u m H Y 4 m -\ u m-\ ■ «m < 0. Assume the contrary, that this number 

were greater than 0. Since {mi, . . . ,w m _i} is not a nice set (due to our minimality assumption for 
{mi, . . . ,u m }) there exists a vector I £ R d such that l-u m >0 but / • < for each fce{l,2, ...,m — 
1}. This gives that 

> / • {q'\U\ H V 4m-\ u m-\)\Um^ = (q\u\-U m A V4m-\ u m-\ ' «m) «m ' ' > 0, 

a contradiction. Therefore ^mi ■ m,„ H h q' m _ l u m ^i ■ u m < 0. We can now choose q\ = \u,y^q\, 

i = 1,2,..., m— 1, and g,„ = — ((^wi • m„, H h^,_ 1 M m _ 1 • u m ) to obtain ^mj H V q m u m = 0. 

This completes the proof. □ 

The following theorem says that in each half-space H l x a walk X„ starting from x can have a loop 
in H[ with a probability that is strictly greater than 0. Because of the stationarity it suffices to prove 
this for half-spaces through the origin. 

Theorem 3.1. There exist constants m £ N, c\ £ R + such that: For each unit vector I £W l there 
exist an integer s < m and a sequence xq — 0, X\, Xi, . . ., X s £ 1 d such that: 

(i) Lf=o x i ■ 1 > °f° r all0<p< s, 

(ii) Ef=o*i 14=0* for all < p < q < s- 1, 

(iii) Yd=o x i = 0. an d 

(iv) For yi = xq H h fef ms denote by & yit ... ; y s the O-algebra generated by all random 

variables rj z for z £ 1r \ {yi, . . . ,y s } such that mini^Kj \z — yi\ < M. Then: 

P(|l =Xl,§2 =X2,...,^s=X s \^ r yu .,. t y s ) > C\. 

Proof. Let us prove that there exist vectors x\,...,x s £ {u\ , . . . , u m } for which (i)-(iii) are satisfied. 
Then (iv) will be satisfied as well. To see that let us denote by Sf^' s_1 the sigma algebra generated 
by all random variables 77, for z£Z d \ {y s } such that mini<,< 5 \z — < M. 

P(|l = Jtl, £> = X 2 , . . . , §, = JC,^,... ,y s ) 

= E(E(1(4! =^i)-l(^=^)K'-' ys - 1 )|^i,..*) 
= E(l(& v |; ...l;c, , =x s _ 1 )-E(l(^ = ^)|^ 1 '-*- 1 )|^ 1> ... Jf ) 
> e-P(§i =*!,..., t-i =^-11^,...^) 
= c-P(P(|i =*i,... ,4,_j =^-i|^ 1 ,...*_ 1 )|^ 1> ...*)- 
Now we can continue by induction to obtain that 

F(^= Xl ,...^ S =X S \^ yi y s )>C S . 

Using the lemma [XT1 we have that there exists a sequence zi,---,z s £ {mi,...,m,„} such that z\ + 

h z s = 0. Assume that this sequence is the sequence of minimal length. Let us choose the index 

K such that that {z\-\ \-Zn) ■ I is minimal (of all j = 1,2, . . . ,s). Then X\ = Zn+i, Z2 — yn+2, 

z s = yx+s (indeces are modulo s) satisfy z 1 + Z2 H \-Z s = 0, and 

(xi +X2H hJt/) •/ > for all jf = 1,2, . . . ,s. 
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Let us prove the last inequality. Assume the contrary, that (x\ H \-xj) ■ I < 0. Assume first that 

n + j < s. Then (zi + ■ ■ ■ + z n +j) ■ I = (zH hz*)-/ + (*H \-xj)-l< {z\ H \-z x )-l which 

contradicts the choice of n. If 7T + 7 > s and K + j = t (mod 5) then = / • (zi H hz^ +x\ H h 

x.v-tt) < / • (ziH hz? +xi H hx.s-jO = /• (jci H h JCj) < 0, a contradiction. This proves (i). 

The condition (ii) follows from the requirement that the sequence zi , . . . ,z„ is the shortest. □ 

Using the previous two lemmas we can establish the equality analogous to the one from the 
theorem l2~T1 in which k = 0. 

Theorem 3.2. For each vector I € W 1 andX„ defined as before the following equality holds: 

lim - log F(X„ ■/>()) =0. 

Proof. The inequality F(X„ ■ I > 0) < 1 implies that lim sup \ logP(X„ • I > 0) < 0. For the other 
inequality we use the theorem [3~H Let x\, . . . ,x s be the sequence whose existence is claimed by that 
theorem. Lety; =Xq-\ hJC/-i as before. Notice that 

= P(P(§! = & = . . . , & = x s \& yi ,..., y J) 

> Cl. 

Therefore liminf i logP(X„ • Z > 0) > liminf ± logci =0. □ 

We will also need the following deterministic lemma. 

Lemma 3.2. Assume that {u\ , . . . , u m } C Z d ;'i a «i'ce set of vectors. Let p : W 1 — > K + U {0} be the 
function defined as p (I) = max,{M,- • I}. Then 

jinfjPW >0. 

Proof. First notice that p(l) > for each I &W t \ {0}. Otherwise the set {mi, . . . ,u m } would not 
be nice. Notice also that p is a continuous function (because it is a maximum of m continuous 
functions) and the unit sphere is a compact set. Thus the infimum of p over the unit sphere must be 
attained at some point, and we have just proved that value of p at any single point is not 0. □ 

4. Hitting Times of Hyperplanes 

The main idea for the proof of the theorem 12.11 is to establish the asymptotic equivalence of 
- logP(X„ • I > nk) and a sequence to which we can apply the deterministic superadditive lemmas. 
First we will prove that the previous sequence behaves like i logP(r w / |( , < n). Then we will see that 
the asymptotic behavior of the latter sequence satisfies 

-UogP^ < n) ~ ilogP(4 < nj l nk < D[) 

where D[ is the first time the walk returns over the hyperplane Z[ y This probability captures those 
walks that don't backtrack over the hyperplane Zk. 

We will be able to prove the existence of the limit of the last sequence using a modification of the 
standard subadditive lemma that states that lim 2a = inf 2a if a„ +m < a„ + a m for all m, n g N. 

From now on let us fix the vector / £ W 1 and let us omit the superscript I in the variables. Also, 
some of the new variables that will be defined would need to have a superscript I but we will omit it 
as well. 

Our first result in carrying out the formerly described plan is the following lemma: 
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Lemma 4.1. The following inequality holds: 



limsup- log P(X„ • I > nk) < limsup - log P(r„,t < n) 
n — j-oo n „_ j.00 n 

/« addition, for each e > we have: 

liminf ilogPfTlft+p) < «) < liminf ilogP(X„ • / > n/t). 

Proof. Clearly, {X„ ■ I > kn} C {T k „ < n}. Therefore P(X„ -l>kn) < F(T bl < n). This establishes 
the first inequality. Letxo, . .. ,x s be the sequence whose existence follows from the theorem lXTl We 
now have 

P(X„-l>kn) = f(X n -l>kn,T kn <n) 

> P(X-/ >kn,T kn <n-s,X Tkn+l -X Tkn = x x , . . . ,X Tkn+s -X Tkn+s _ { = x s ) 
(2) = P (Tkn < n - s,X Tkn+i -X Tkn =X\,... ,X Tkn+s - X Tk „+ s - 1 = x s ) 

= E[l(T nk <n-s)E[l^ Thi =*!)..• l(^„ +s -i =^)|^rj] 

> ci-p(r fa <B-*). 

Here denotes the a-algebra defined by 77, forzG Z d such that |z— Xi\ <Mfor/= l,2,...,T kn . 
The equality in © holds because if T kn <n-s and Xr^+i - X Tkn = X\, . . . , Xr^+j - Xr^+s-i = x s , 
then the walk will enter in a loop. This loop will be in the half-space H k „ which would guarantee 
that X„ ■ I > kn. 

For each £ > 0, if n > s + sk/e we have {T^+e)(n-s) — n ~ s } ^= {Tkn < n — *}> an d consequently 
the first set has the smaller probability than the second. This completes the proof of the lemma. □ 

Remark. In the same way we could obtain the analogous inequalities with the walk X„ replaced by 

X f7 AT- 

For each integer i > 1 denote by D, the time of the ith jump over the hyperplane Zq in the direction 
of the vector I. Define Do = and we allow for D; to be °°. 

Lemma 4.2. Let k and k' be two real numbers such that <k' <k. Then the following two inequal- 
ities hold: 

limsup - logP(7„ / t < n) < limsup - logP(r„^/ < n, T„ k i < D\ ) 
n n 

liminf- log P(r„* < n,T nk <D { ) < liminf- log P (T nk < n) . 
n n 



Proof. We have: 



'(T H <n) = £P(7L<n,D/<7;<A + i) 



We will prove that each term from the right-hand side of the previous equality is bounded above by 
distance between z and Zq is at most L. We have: 



L d n d- \ . f(r u _ L < n , T u - L < Di). Let Z' be the set of all points z G Z d such that z ■ I > and the 



"(T u < n,Di <T„ < A+i) = £ E[l(T u <n)-l(X Di =z)-l(T u >Di) 



zeZL\z\<nL 



•i(r„< d m )] 

£ E[E[1 (T u <n)-\ (X Di = z) ■ l(T u > D,) 



zeZ' Q ,\z\<nL 



l{T u <D i+l )\& Dl . Tl ] 
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Here ^b ; ,r„ denotes the a-algebra generated by the random environment that is contained in the 
M-neighborhood of the walk from D, to T u . When conditioning on this c-field we essentially under- 
stand our environment in the following way: It consists of two walks: One deterministic that goes 
from z to Z„ without crossing the hyperplane Zq, and another walk that starts at and ends in z by 
making exactly i crossings over Zq, not intersecting the other deterministic walk, and not crossing 
overZ„. Therefore: 

£ E [E [1 (T u < n) • 1 {X Dl = z) ■ l(T u > A) • 1 % < D/+i) | &d u t u ]] 

z€Z' ,\z\<nL 

< £ E [1 (f„_ L < n - Di) - 1 (f„_ z < Si ) ■ E [1(X D . = z) • 1 (r„ > Z);)I^VJ] 

zeZ' Q ,\z\<nL 

< £ E[l(f M _i<n)-l(f H _i <J5i)], 

zeZo,\z\<nL 

where T u is defined in analogous way as T u to correspond to the new walk Xj = Xoj+j- In the last 
equation by is defined as the first time of crossing over the hyperplane Y parallel to Zq that is shifted 
by the vector -L-L. Let us now prove that P(r„_ L < n, T U _ L <D{)< L d n c '- 1 ■ P(r„_ 2 L < «, T u -l < 
D{). Denote by J the closest time the walk comes to the hyperplane F. The number of possible 
positions of the walk is at most L d n d ~ 1 and similarly as above, conditioning on the c-filed between 
/ and r„_ L we get P(r„_ L < n, T U _ L <D\)< L d n c '- 1 ■ P(r„_ 2 L < «, ?u-L < £>i )■ We now have 

P(3i < n,Di < T u < D i+X ) < L 2d n 2d - 2 P{T U _ 2L < nJ u _ 2L < D\). 

This implies that P(T„ < n) < L 2d n 2d - l P(T u _ 2 L < «, ^,-2L <D\). Therefore 

limsup-logP(r„^ < n) < limsup-logP(r„A-_ 2 L < nJ nk _ 2 L < D\). 
n n 

For each k' < k we have 

limsup - logP(r„,t < n) < limsup-logP(r„ <: / < n,T„u < D\). 
n n 

On the other hand, it is obvious that 

liminf-logP(r„ t < nj nk < D x ) < liminf-logP(7; A: < n) , 
n n 

because {T„ k < n} D {T„ k < n, T nk < Di }. □ 

5. Large Deviations Estimates 

Now we are ready to prove the main theorem: 
Proof of the Theorem |2.U We will prove that for each unit vector I there exists a concave function 
\j/ : R + ->• R such that 

(3) limilogP(7k<«) = \jr(k). 

»->« n 



Because of the Lemma Wm it suffices to prove that there exists a concave function 7 : R+ — > K such 
that 

(4) \im-\og¥(T nk <n,T nk <D x ) = y(k). 

Let w € 1 d be a vector such that w • I > and P(rj z = w| J£" z ) > c > for some constant c. Assume 
that r is an integer such that the distance between the hyperplanes Z rw and Zq is at least M. lfu,v 7 p,q 
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are any four positive real numbers such that q > r, then the following inequality holds: 

(5) T{T u+v <p + q,T u+v <D x ) > c-Y{T u <pJ u <D x )-Y{T r <q-rJ Y <D x ). 

If the environment were iid this could have been done by conditioning on & u . In our situation the 
idea is the same, we just need some more work to compensate for the lack of independence. 

W{T u+v <p + qJu+ v <D{) > W(T u+v <p + q,T u+v <D u T u <p) 

> E[l(T u <p)-l(T u <D 1 )-l(S, Tu =w)---- 

■ 1 (&u+r-i = w ) ■ 1 ( J u+v <P + q)-l (T u +v <Di)] 
= E [E [1(T U < p) ■ 1(T U < D\) • 1 = w) 1 fe, +r _ , = vv) 



where is the c-algebra determined by the environment outside of the strip [Z a ,Zj,]. Let us 

introduce the following notation: Xj = Xr u + r -\+u T>i tne m " st ti me %i jumps over Zx T +rw< and 
T Y = inf{; :Xj-l > v}. We now have that 

P(71,+v <p + q, T ll+ v <D X ) > E[E[l(r„ < p) ■ \ {T U <D{)- 1 (fr„ = w) 1 1 = w) 

■l(fy<9-r)-l(f v <Ai)|^r n 

= E [l (T u </»)•! (r„ < d) • 1 (t v < q - r) ■ 1 (f v < £ x > 



E 



lfe, +r -l=w)|^r 



> c • P(r„ < p, T u < Di) ■ P(T V <q-rJ v <D x ). 

Let us explain why one can bound E[l(§r u = w) ■ • ■ l(E,T„+ r -i — w)\^[x Tu ,x T +rw/ ]] below by c. The 
quantity in question is a random variable, and we are only considering that random variable on the 
set {T„ < Di}n{r v < D\}. On that set the random walk doesn't visit the sites Xj u , ■ ■ ■ ,Xr u +r-i hence 
we can use our ellipticity assumption. This establishes ©. Let 8(m,x) = logP(r, M < m, T mx <D\). 
Applying the inequality © to the numbers u = nk, v = mk, p = n, q = m yields the following relation 

8(m + n,k) > \ogc + 8(n,k) +log¥(T mk < m — r,T mk < D\) 

> logc+8(n,k) + S(m — r,k!), 

where k' is any real number greater than k for which (m — r)k! > mk. For now on we will write c 
instead of logc. In other words, for each k, and each k 1 > kwe have 



(6) 



for all m, n such that n > 



8(m + n,k) > c + 8(m,k) + 8(n — r,k') 



Let 



m = Uminf M, 8(k) = limsup 



If k < k' then for each a < 8(k l ) there exists a sequence n, that goes to infinity such that 



S(n,,k') 



> 



a. For each fixed n t and each n>n t there exist integers a > and b £ {0, 1 , 2, . . . , n t + r — 1 } such 
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that n = a(n, + r)+b. Therefore 



8{n,k) 



8(a(n, + r)+b,n) (a - \)8(n t ,k') + 8(n, + r + b,k) + (a - \)c 



> 



a(n t + r)+b 
8(n t ,k') (a—l)-n t 



a(n t + r)+b 
8{n t + r + b,k) (a — l)c 



a 



n t a(n t + r)+b 
(a — I) - Hi 8(n, 



a(n t + r)+b a(n t + r)+b 
r + b,k) (a-l)c 



a(n t + r)+b a(n t + r)+b a(n t + r) - 
For each fi > there exists fo such that for all t > to we have 

(a — l)c 



a(n t + r) +b 



uniformly in a and b. There exists «o such that for all n > no, the number a 
enough to guarantee 



n,+r 



would be large 



8(n, + r + b,k) 



a(n, + r)+b 



< fl and 



(a — \ )n t 



a(n t + r) +b 



-1 



< 



This implies that > a — 3/X for all n > 0, therefore 5 (k) > a for all a < 8(k'). This immediately 
yields to > 8(k l ) for all k < k! . Obviously 8(k) > 8_(k) hence we have 

8(k') < 8(k') < 8(k) < 8(k), for all k < k'. 

A consequence of the previous inequality is the monotonicity of the functions 8 and 5. They are 
both non-increasing. Let a and j3 be two positive rational numbers such that a + j3 = 1. Let k\ and 
&2 be any two positive real numbers. According to (0 we know that for each n € N we have: 

8{n,akx +pk 2 ) = logP(7; (cd . 1+|SA . 2) < an + fin,T n(akl+fik2) <D X ) 

> log AT nakl < an, T nah < Di) + 
logW(T„ pk2 < pn - r, T„ pk2 < D l ) + c 

> 8(an,ki) + 8(fin,k' 2 ) + c, 

for sufficiently large n, where k' 2 is any number larger than k 2 . This implies that 



8(ak\+pk2) > limsup- (8 (an, ki) + 8 (fin, k'2)) 



(7) 



> 



a8{ki) + p8{k! 2 _ 



Let us justify the second inequality. The previous limsup is definitely larger than the liminf over the 
sequence of those integers n that are divisible by the denominators of both a and j3 . 

Consider now two positive real numbers k <k' for which 8_(k') is a real number (i.e. not —00). 
Let a n and j3„ be two sequences of positive rational numbers such that a„ —> I, j8„ — > 0, a n + /3„ = 1. 
Let k" be a real number such that k < k" < k' . Then the inequality (0 implies: 

8(a n k + p„k") > a n 8{k) + p„8(k'). 

Taking the limit of both sides as n — > °° and using the monotonicity of 8 we get: 

lim 8(k + e)>8(k). 

£>0,£^0 



This inequality together with 5 (£ + e/2) > 8(k + e) implies that 5 is right-continuous. 
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Let us now choose the sequences a„, j3„, k\, k\, that satisfy: 

a„,j8 n eQ+, k 1 n ,k 2 n ,k 3 n £R + , 
a„ + j8„ = 1, a„ ^0, f3„ -> 1, 

*^ ^ ^ ' k n ,k n k, k n \, A:, 

CCnk n ~\~ fink n = 

Then the inequality (0 implies 

5(fc)>a„5(^) + j3„5(^). 
Letting and using the monotonicity of 5 gives us: 

S(k)> lim 8(k-e). 

£>0,£-!-0 

Using the fact 5(A; - e) > 8(k - e /2) gives that <5 (fc) > 8(k - 0). Here <5(£ - 0) is defined as 

8(k-0) = lim S(k-e). 

In other words, 5 is left-continuous. 
Let us now choose the sequences: 

a„,j8 n GQ + , k 1 n ,kl,k 3 n €R + , 
a„ + j3 n = 1, a„ ->• 1, /3„ ^0, 

a n kl + p n kl>k. 

Placing these sequences in the inequality (0 gives us the following relation: 

8(k) > 8(a n k l n + p n k 2 n ) > a n 8{k l n ) + $ n 8{kl) > a n 8(k) + p n 8(kl). 

Letting n — > °° implies 5 (k) > 8 (k) . Summing up all the facts we got for 5 and 5 we have that 5 (k) — 
8(k) = y(k) for some function y. Moreover, / is continuous and y{ttk\ +j3^) > 0:7(^1) + fiy{ki) for 
a,j3 € Q+ such that a + j3 = 1. Because of the continuity, the last inequality holds for all a,j3 £ R+ 
such that a + j3 = 1 . This means that 7 is concave and the equality is established. Now we have 
the relation (f3]l and the concavity of the function y/. Namely, the lemma l4~2l implies that \y=y. 
Using the lemma l4~Tl we get that 

limsup-logP(X„ •/ > nk) < \jf(k), and 

n->~ n 

liminf-logP(X-Z >nk) > w(k+e), 

for all £ > 0. If A: belongs to the interior of y/~ (R), we can take e — > in the previous inequality 
and use the continuity of y/ to obtain 

liminf - logP(X„ ■l>nk)> vr(k). 
This in turn implies (fTJ and the concavity of <$>. □ 



The Gartner-Ellis theorem will enable us to get some more information on lower and upper bound 
large deviations for general sets. 
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Definition 5.1. Assume that A* is a convex conjugate of the function A. y £ 18L d is an exposed point 
of A* if for some A £ M. d and all x ^ y, 

(8) l-y-A*(y) > k-x-A*(x). 

A in (O is called an exposing hyperplane. 

We are now ready to prove the theorem stated in the introduction. 

Theorem 5.1. There exists a convex function A : W 1 — > R such that lim„->.oo \ logE \e Xn = A(A). 
The origin belongs to the interior of the set {A £ R : A(A) < +°°}. 

Proof. As noted in the remark after the theorem lZTI there exists a function <1> : R rf — > R such that for 
all I £ W 1 and k £ M+: 

lim - logP(X ■ I > kn) = ( -l ) . 

n->°° n \ K J 

For each A £ W 1 and each k > we have that 

liminf- logE fe*" ^ > liminf - logE (e x "' X • 1 (X • A > kn) 
n \ J n \ 

> liminf - logE (e kn ■ l(X n - A > few)) = A - 4> j f A 
Moreover, from the theorem [3721 we get 

lim inf i log E f e x " A ") > lim inf - log E ( e x " 

n V / n V 

> liminf-logE(e°- 1(X,,-A > 0)) =0 

Therefore 

liminf - logE (e*"^ ) > max < 0,sup< k + <& 
n v ' I /t>0 I 



From the boundedness of jumps of the random walk X n we have that \X n ■ A | < L\ A | . Let ceN and 
= k < ki < k 2 < ■ ■ ■ < k r = L\X\. Then 



lim^logE (e Xn X ) = limilog ffi ({e x " x ■ l(X„ ■ A < 0) 



< 



£ E (e x " x ■ 1 (nkj <X n X< nki+i)) j 

_1 / '- 1 

lim- log F(X„ ■ A < 0) + £ e"^ 1 • P(X„ • A > nfc,-) 



lim^logi \ - 1 1 +r^max ^e nl: 1 • P(A'„ • A .~- nk, 
max ■{ 0, max I h+\ + <t> ( — 

' 0<i<r-l 1 1 ' 



The last equality is true because r £ N is a fixed number as n —> °° and the lemma [3721 implies that 
lim^oo i logP(X„ • (—A) > 0) = 0. The theorem l2~T1 implies that the function 4> (tA) is continuous 
in k hence taking and k{ + \ — ki constant we get: 

limsup-logE (e x,, x \ < max {o, sup \k + Q [ — 

n \ J { k>o{ \ k 
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This proves the existence of the limit in from the statement of the theorem with 

A(A) =max|o,sup|/t + 4> ^ 

We will not use this representation for A to prove its convexity. Notice that all functions A„ (A ) = 
log E [e Xn x ) are convex when n is fixed. Indeed, for all a , j3 G M+ with a + j8 = 1 and all A , jx G R d 
according to the Holder's inequality we have: 



< 



E 



Since the limit of convex functions is convex, as well as the maximum of two convex functions, 
we are able to conclude that A is convex. Obviously, the origin belongs to the interior of the set 
{A G M. d : A(A) < +°o} because A is bounded. □ 



Theorem 5.2. Let X n be the previously defined deterministic walk in a random environment that 
satisfies the conditions (i)-(iii). Let A be the function from the theorem \5.1\ and let A* be its convex 
conjugate. Let & be the set of exposed points of A* whose exposing hyperplane belongs to the 
interior of the set {A £ W 1 : A(A) < +°o}. For any closed set F C R d , 

limsup-logP I -X„ £F ) < - inf A*(x), 
n \n J xeF 

and for any open set GCR' i 

liminf ilogP ( -X„ G G ) > - inf A*(jc). 
n \n ) x&Gn^ 

Moreover, there exists 8 > such that A* (x) < -\-°°for \x\ < 8. 

Proof. The conditions for Gartner-Ellis theorem are now satisfied because of the theorem[5j] Direct 
application of that result proves the first part of the statement. 

For the second part, we will use the lemma [X21 There exists K > such that for each A G M. d 
there exists i G {1,2, . . . ,m} such that A ■ u, > »c|A|. Then we have A(A) > )f|A| +<t> f^j) an d: 

<S>(4r) > HminfilogP(§ 1 = ^ 2 = --- = ^ = H i )>c, 
\k\X\J n 

for some constant c. Therefore A(A) > k\X \ + c, and 

A*(jc) < sup{A -x— k\X\ — c< — c + sup{|A| • |x| - k\X\}. 
X X 

Hence if \x\ < K then A* (x) < -c < +°°. □ 

6. Law of Large Numbers 

Let us end with a note about the law of large numbers for this deterministic walk in a random 
environment. It is not surprising that the walk will have limiting velocity because it is expected 
that the walk will eventually end in a loop. 

Theorem 6.1. IfX n is defined as before then 

lim -E(X n ) =0. 

n— j.00 yi 
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Proof. It suffices to prove that lim„^oo yE(X„ ■ /) = for each I G W 1 , because the zero vector is 
the only one orthogonal to the entire Mr. Furthermore, the problem can be reduced to proving that 
-E[X„ ■ /] + converges to because X n ■ I — (X„ ■ l) + + (X„ ■ By the Fubini's theorem we have 



E 





+" 








-L 









¥(X„-l> nt)dt. 



Since {X„ ■ I > nt} = for t > L the previous integration could be performed on the interval (0,L) 
only. Let x\, . . ., x s be a sequence from theorem lXTl and let y^ = Yli=i x i- Define the random walk Y, 
as Yi = X s+ i. The probability that the walk will reach the half-space H l nt before time n is smaller than 
the probability of the following event: The walk does not make a loop in first s steps, and after that it 
reaches the half-space H l nt _ sL . Therefore we deduce that for each t G (0,L) the following inequality 
holds: 



,-l>nt) < E[l((X 1 ,...,X s )^(y l ,...,y s ))-l(Y n _ s -l>nt-sL)] 

= E [E [1 ((X, , . . . ,X S ) ^ (yi , • • • ,y*)) ■ 1 (Yn-s -l>nt- sL)\& Yl ,..., F „_ S ] ] , 

where y ., t y s is a c-field determined by T] z for all z^1, d \ {X\ , . . . ,X S } such that min" =1 \z — X{\ < 
M. The previous inequality now implies that 

¥(X„ -l>nt) < E [1 (T„_. v > nt - sL) ■ 

E[l((X 1 ,...,X s )^(y h ...,y s ))\^ Yl ,...,Y^]]. 

From theorem [3T| we have that E [l((Xi,. . . ,X S ) ^ (yi, . . . ,y s ))\^Y l ,...,Y n - s ] < 1 ~ c for some con- 
stant c > 0. Let us denote g = 1 — c. We know that g G (0, 1). Using mathematical induction, we 
can repeat the previous sequence of inequalities [nt/sL] times to obtain that P(X„ - l>nt)< g\ nt l sL \ 
Now we have that for all t q > the following inequality holds: 



L 



-E(X n -l) + = / ¥(X n -l>nt)dt 
n Jo 



= [°¥(X n -l>nt)dt+ [ ¥(X n -l>nt)dt 
Jo Jt 

< t + (L-t Q )-g^W 

If we keep to fixed and let n — s- °° it is easy to see that the last quantity converges to 0. Therefore 
limsup^E(X„ ■ /) + < ?Q. However, this holds for every f o > hence limsup^E(X„ • /) + < 0. This 
finishes the proof of the theorem. □ 

7. Processes in Random Environments with Teleports 

Our aim is to study the continuous time process X, on (£2,P) that solves the following ODE: 

dX, 

(9) ^ = b^co). 

As before, in order to prove the theorem [TTT1 we are looking at the probabilities ¥(X, ■ I > kt) for 
fixed I G W and fixed k > 0. 

Let us first outline the main difficulties we have in trying to implement the proof of 12. II to the 
continuous setting. The proof of the lemma l4~2l used the fact that by time n, the walk could jump 
only n times over the hyperplane through 0. The continuous process could jump infinitely many 
times over that hyperplane and those jumps could happen in relatively short time. Instead, we will 
look at a strip around of positive width. By strip we mean the region of the space between two 
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hyperplanes orthogonal to /. The process can't travel over the strip infinitely many times, because 
the speed is finite. Thus we will require our process not to backtrack over the hyperplane Z_, v for 
suitable w > 0. Since this is not enough to separate the process and prove the inequality (0 our goal 
is to prove that the probability of the event that the process doesn't backtrack over the hyperplane 
Z_, v is comparable to the probability that the process doesn't backtrack over Zq. The difficulty 
here comes from the fact that the process can approach Zq with slow speed and it can in some way 
introduce a lot of dependence in the environment. This can happen especially if there is a lot of 
continuity of the process b. We introduce additional assumptions to have more randomness in the 
definition of X t and that randomness helps the process to escape from such environments. So, we 
will have some assumptions that continuous processes can't satisfy. It turns out that the bounded 
process won't satisfy some of the requirements, either. 

We will consider a Poisson point process independent of the environment. We will assume that 
the balls of radius r centered at the points of the process serve as "teleports," and our process evolves 
according to © until it spends a fixed positive time in some of the teleports. Once that happens, the 
process will reappear at another location. In some sense, these teleports correspond to the locations 
where b is infinite. 

We will also assume that the vector field b has an option of discontinuous change on the lines of 
the grid Z d . 

The existence of teleports and discontinuities will help us build tunnels that can take the process 
in the directions we wish it to travel. Also we will be able to build traps that can hold the process 
for long time. It is quite possible (and believable) that the process will have the traps, tunnels, and 
means of escaping other than teleports, but proving such statements turned out to be difficult. Often 
some other assumptions are necessary to made and then one has to deal with tedious work with 
conditional distributions and some types of adaptations of Brownian bridges to this deterministic 
setting. 

In order to use the arguments based on subadditivity we need the stationarity of the underlying 
random field. Our assumptions are going to make the grid 1r special, so we can't hope for general 
stationarity. We will assume only that P(A) and P(t z A) have same distributions for z £ Z d . This 
is going to be sufficient for our purposes, because we will assume that after each teleportation the 
process will appear at the point that experiences the same distribution as the initial point. 

The initial position of the process is assumed to be chosen uniformly inside the unit cube [0, \] d . 
The random choice of the point is assumed to be independent from the rest of the environment. 

For each unit cube Q of the lattice, denote by the <7-algebra generated by the environment 
in the complement of Q. 

We require the following assumptions: 

(i) There is 8q > and a positive real number c such that for each lattice cube Q of edge length 
1 and each vector / £ W 1 we have: 



(ii) The vector field b is bounded and it has finite range dependence, i.e., there are positive 
constants L and M such that |fc(fi>)| < L for all co £ £2, and b(z x G)) is independent of the 
(7-field generated by the environment outside of the ball B(x,M). 



(iii) Fix r € ( 0, —7= J and f > such that to < Fix also C3 £ (0, 1), Xq > 0, and a sequence Y„ 



of iid random variables with values in {0} U [0, \] d . Each Y„ has a probability C3 of being 0, 
or (with probability 1 — C3) it is uniformly distributed in [0, l] d . There exist a set of vectors 
{u\ , . . . , u m } £ R d such that for each / £ Mr there is i £ {1,2, ... ,m} that satisfies 



P(b(r z co) ■ I > do for all z £ Q\^ Q c) > c. 




dist (l-(B r + Ui),l-B r ) > 2\fd. 
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Here B r denotes the ball of radius r. For each i, we consider a Poisson point process of 
intensity Ao, and each point x of that process will form a (w,-,fo)-teleport. This means that 
if the process X, spent the entire time interval (t — to,t) in the ball B r (x), then at time t the 
process X, will either stay at the same place if IW Q i = or reappear in the lattice cube 
closest to X t + Ui at the relative position Yui^i within the cube. 

Notice that by fixing the time to we make sure that the average speed of X t remains bounded. 
Although, there is a teleportation involved, the particle has to wait to be teleported and the distance 
it can go is bounded. 

There could be regions belonging to more than one teleport. If the particle is a subject to two 
teleportation, then the jump will be suppressed. A particle could be subject to more than one tele- 
portation if it enters the teleport by jump. Entering two teleports simultaneously by the means of 
diffusion is a zero-probability event. 

The requirement to < j- guarantees that if the process comes to within r/2 to the Poisson point, 
it is going to be teleported for sure, because it won't have enough time to escape. 

For a fixed vector / £ R d \ {0} we consider the moment-generating function E(exp(AX r )) and we 
want to prove that there is a convex function A such that 

; lim -logE(exp(AX r )) = A(A). 

We recall the definition of the hitting times of the hyperplanes T p for p £ R + from the section|4] In 
this continuous case we have an analogous result to the lemma |4~T1 

Lemma 7.1. The following inequality holds: 

limsup - logP(X, • I > tk) < limsup - \ogf{T tk < t) 

t^+oo t r-s-+oo t 

In addition, for each £ > we have: 

liminfylogP(r, (i:+£) <t) < liminf j \ogP(X t ■ I > tk). 

Proof. The first inequality follows immediately as in the discrete case. For the second one we have 
to modify the argument a bit. We are not able to construct a loop as we did in the discrete case. The 
reason is that the curve X t will not have a self intersections in some cases (an example is when b is 
a gradient of a function). 

Denote by S C W 1 the set of points whose each coordinate belongs to {—1,0, 1}. Denote the 
points of S by Pq, P\, P2, Pyi-\- Assume that Pq coincides with the origin O. Let C, (0 < ; < 
3'' — 1) be the cube with center P, and side length 1. For each integer i £ {1,2,... ,3 — 1}, consider 
the event 




Let D = fl? =1 1 D{C\D' , where D' is the event that there are no Poisson points in the r-neighborhood 

of Co- Denote by c 3d , tne sigma algebra generated by the environment in (\J^ = i 1 C,^j . 

According to our assumptions, we have P^D | &C\,...Cg > 0- Notice that if the process ever 
enters the cube Co, it will stay there forever. We will show that if X, € Co, then for each t > to we 
have X t £ Co . It suffices to prove that X t $ Ci for each i £ { 1, . . . , 3 — 1 } . Assume the contrary, that 
X, £ d for some i£ {1, 3 d - 1}. Let Y, = OX* t P~6. Set t x = inf{i : X u £ Q for all u £ (s,t)}. 
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Then Y t < Y tl . Using the fundamental theorem of calculus we have 

> Y t - Y h = fly!)- b(T X ^co) ds > 0, 
Jti 

since ■ b(%x s (D) > for all se (t \ , t) on the event D,. Therefore, X t can't enter the interior of any 
of the cells C„ proving that the process X, is trapped in the cell Co- 

Now we can finish the proof in the similar way as in the discrete case. Let s > and let denote 
the "shard"-like surface consisting of faces of the grid of size 3 that is in front of the plane Z tk (here 
"in front of" means with respect to the direction I). Let T tk = T$ lk . Denote by C the translation of 

cube Uf=o 1 C> w i tri tne following properties: C contains the point Xf on one of its faces, and is on 
different side of S tk than the origin. Denote by D the event that the environment in C is as explained 
before. Denote by E the event that Y\f tk /t \ ~ 0- Using conditioning we get 

P(X, -l>kt) = P(X, -l>kt,T kt <t) 

> P(X r l >kt,t kt <t,D) 



= E 



E 



E 



\{t k ,<t)-\(x t -i>kt)-\(b)\^ i 



i(f kt <t)-l(X r l>kt)-E 1(D) | JF t 



Denote by R the right-hand side of the last inequality. Let F be the event that there exists ; € 
{1 , . . . ,m} and t \ e ^fo [^J , f tk j such that X t spent all the time (t\ — t$,t\) in a M,-teleport. Then we 
have 

(10) R = E 



<t)-l(X r l>kt)-l(F)-E 1(D) \JF t 



-E 



l(7fa < • 1(X,- 1 > kt) ■ l(F c ) • E 1(D) | & tb 



Consider the first summand on the right hand side of the previous inequality. On the event F we 



know that the random variable Y, 



L4AoJ 



will not be responsible for any further jumps. The process 



already spent a lot of time in a teleport, so the value of Y[t tk /t } was already used in making the 
decision whether there will be a jump or not. We don't care about the outcome, because the process 
reached the level S nk , but we know for sure that a single value of Y can't be responsible for two 
decisions about jumps. Hence the event 



-i+LW«bJ 



:I WfoJ+f^l 







is sufficient to assure that the path X t will enter the trap before having any possible jumps. There 
are only finitely many terms listed in this sequence, so the probability of G is strictly positive. We 
also have that l(X t ■ I > kl) = 1 in the intersection bnEHFn {t tk < t}. Hence there is a constant 



c' such that on the event F we have E 



1(D) | J? 



n, 



> c' . Thus we can bound from below the first 



summand by d ■ ¥(f kt < t,F). 

Let us now consider the second summand. Notice that 



E 



(11) 



l(T kt <t)-l(X r l>kt)-l(F 

> 



C\ 



■E 



1(D) | J? 



Tk, 



l(T kl <t)-l(X r l>kt)-l(E)-l(F L )-E 1(D) \& fkt 



Let G be the same set as above. The identity 1 (X t ■ I > kt ) — 1 holds as before, because on the set 
E n G the process will enter the trap. The unfortunate thing is that we had to modify the past, by 
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introducing the event E. In the same way as in the case of the first summand of ( fTOb we can bound 
from below the second expression from (ITTb by c'P(7& < t,E,F c ). On the event {7^ < t,F c } we 
know that the process reached the level by time t and it didn't spend sufficient time in a teleport 
to be considered for a jump in which Yyf^ /^j would play a deciding role. Therefore £ is independent 
of {f kt < t,F c } hence 

P(f fc < r ,£,F C ) - P(E) • P(f fe < r,F c ) = c 3 • P(4 < ?,F C ). 
This allows us to conclude that there is a constant c" > such that 

¥{X t -l>kt) > c"(¥(f h <f,F)+P(f fe <t,F c )) =c"F(f t <t) 

> c "nT kt+ ^<t). 

Taking the logarithm of both sides of the last inequality, dividing by t, and taking the liminf as 
t — > +°° one obtains the following inequality 

Jiminf -\og¥{X t -l>kt)> liminf - log F{T kt+5sf3 < t). 

For each £, there exists fo such that every f > ?o satisfies {T^ k+e ^ <t — s} C ^T kt+5s /-^ <t — s\. 
Thus 

liminf -logF(X, -l>kt)> liminf - log P(T (fc+e ), < f)- 
This completes the proof of the lemma. □ 

Following the approach from the discrete case our goal is to establish a statement similar to the 
lemma |4~21 



Lemma 7.2. Let k and k' be two real numbers such that <k' <k. Then the following two inequal- 
ities hold: 

limsup - logP(r rt < t ) < limsup - logP(r ri ./ < t, T tk , < D x ) 

liminf - log P (T tk <t,T tk <D{) < liminf -\og¥(T tk < t). 

Proof. The second inequality is obvious since {T kt < t,T kt < D\] C {T kt < t}. Our proof of the 
first inequality from the lemma |4~2l used the fact that the number of crossings of the walk is finite. 
Obviously, we can't use that fact in the continuous setting. The idea is to break the process between 
its crossings of a strip between hyperplanes Z_„, and Zo, where w is some fixed real number from 
the interval (5,1). Define the following stopping times: Go = 0, Fq = inf{? : X t ■ I < — w}. Having 
defined G, and F/, for i > 0, we inductively define 

G,+ i = inf{f >Fj-.Xfl>0} 
F /+ i = inf{f > G/+i :X, •/ < -w}. 
We will need the following lemma: 
Lemma 7.3. For any two real numbers k and k' satisfying < k' < k we have 

limsup - logP(7; A .<, , T lk < Fq) < limsup j log¥(T tk > <t.T tk , <D X ). 

Proof. There is at least one of the vectors from the assumption (iii), say u \ , such that dist ( (B r + m 1 ) • 
l,B r -l)>2. Let B be the event that for each z in the cells adjacent to the origin we have b(T z co) ■ I > 
and that the origin is at a distance smaller than \r of a (ki,£q) teleport, and that the origin is at a 
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distance at least r from any other teleport. The conditional probabilities of that event are bounded 
below by a constant. By the time to the process will be away from the origin. Denote by X the 
process defined by X t — X t+tQ . Let G, and Fj denote the stopping times corresponding to the process 
X which are analogous to the stopping times G, and F(, Let B denote the process that the each point 
in the unit d — 1 -dimensional ball of radius max,{|«,'|} in the hyperplane Z_ [(( ./ is at a distance jr to a 
(wi ,?o) teleport. The probability of that event is strictly positive and the event is independent on the 
<7-algebra generated by the environment in the positive /-direction of the hyperplane Zq. Therefore 
we have 

HT tk , <tj tk , <Di) > F(T [k , <tj tk , <D U B) 

> F(T tk ,<t-t ,f tk ,<F ,S) 

> c-P(T tk ,<t-t ,T tk ,<F ). 

It remains to notice that for sufficiently large t we have that t k' < (t — to)k, hence 

nT tk ,<t-to)>P(T (t _ to)k <t~t ). 
This completes the proof of the lemma l73l □ 

For any real number u > we write the event {T u < t} as the following union: 

{T u <t} = {T u < t,T u < F Q } U \J{T u <t,Fi< T u < F,+i}. 

i=0 

The last union turns out to be finite, because we can prove that if T u < t, then T u < F^^ . We first 
find a lower bound on F^ . The fundamental theorem of calculus implies 

- w = X F . ■ I - X Gi ■ I = [' b{T X , (0) ■ I ds > -L ■ | / 1 • (Ft - d) 

which together with |/| = 1 yields F{— G, > 4r. Using this inequality we obtain 

tn in 

F m = Fo + L^-^-O^L^-G^^. 

i=l 1=1 L 

Therefore Fj tL i w ^ > t and on T u < t we immediately get ^j f L/ w ] < T u , This implies that 

m 

/=() 

Let us prove that each term on the right hand side of the last inequality can be bounded by the 
quantity P(T U < t,T u < Fq). Denote by J^G i+ i,r„ the sigma algebra generated by the environment 
contained in the M-neighborhood of the process from G !+ i to T u . Notice that if T u < t and T u > Fj, 
then the process has made at least i trips over the region between the hyperplanes Zq and Z_ w . Since 
T u < ^i+i and T u < t we conclude that the process has crossed the hyperplane Z„ by time t which 
means that it had to cross the hyperplane Zq again. Therefore G, + i < t . Let X be the process starting 
at time G !+ i . More precisely, we define X t — XQ j+[+t . We use Fj and G, to denote the stopping times 
forX, analogous to Fi and G, . 

P(T U < t,Fi < T u < F i+ i) = E [E [l(r„ < f) • l(r„ > Ft) ■ 1{T U < F i+1 )\ &g m ,t u ]] 

= E [E [\(% < t -G,+i) ■ 1(T U > Fi) • l(f„ < Fo)\& Gi+l ,T u ]] 
< E [l(f„ < t) ■ l(f„ < Fq) ■ E [l(T u > F,)\<? Gi+lJu ]] . 
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The last conditional expectation can be bounded above by 1 . Although our process does not posses 
Markov property, we can use the trivial bounds on the indicator functions, namely l(T u > F) < 1. 
Therefore 



\T U <t)< 



tL 
w 



\T u <t,T u <F ). 



Placing u = tk and using the lemma [7731 we obtain 



rimsupjlogP(r rt <t) < f Um -log? + limsup-logP(7} fe < t,T tk < F ) 
< limsupilogP(r, A ., < t,T tk , < Di), 

for any two real numbers k' and k such that < k' < k. □ 

Proof of the Theorem ll.il The proof will proceed in the same way as in the discrete case once we 
establish the inequality (0. Denote by Q the parallelepiped {[2L]} x [— 5,5] d_1 . Similarly to the 
proof of the lemma ITTTl denote by S u the surface consisting only of faces of the grid of size \2L\ 
that is in front of Z„ when looking from the origin in the direction /. Denote by Q u the appropriate 
isometric transformation of Q to be on the side of S u opposite to the origin such that Q u contains on 
one of its faces the hitting point of S u by the process X,. 

Denote by B\ the event that after reaching the surface S u the process encounters the environment 
that is going to take it to through the parallelepiped Q u in time less than 4L/ 5q. 

Such an environment can be constructed by requiring that in the central cells of Q„ satisfy b l > 
■y- In outer cells of Q u the environment acts as a trap and brings the process towards the middle 
cells. That way our parallelepiped acts as a tunnel through which the process must go. This reduces 
the portion of the environment that gets exposed to the process, and plays a role of the sequence 
of steps of size w that we used in proving (0. In the end of the tunnel Q l: we require that the 
environment has a set of teleports in the direction u i , while before the end there are no teleports 
overlapping with the tube. The probability of such an environment Q u is still positive, and we are 
sure that after the passage through the tunnel the process will appear at uniform location within a 
cube. We may also assume that the furthest face of the parallelepiped Q u is "almost parallel" to the 
hyperplane Z„. The problem is that the vector /, and consequently the planes Z„, are at an angle with 
respect to grid, and we want our last teleports to be decently aligned, so that we are sure that they 
are not going to protrude to the environment after the jump. 

Let Bi be the event that at any moment that is within to of the time of hitting the surface S„, the 
process did not spend a time longer that to within a teleport. The precise definition of Z?2 is the same 
as the definition of F in the proof of lemma P77T1 

Denote by T u the hitting time of Sj,. We have the following sequence of inequalities 

P(T„ +V <p + q, T u+V <Di)> F(T U+V <p + q, T u+V <D u T u <p) 
> E [l(f u < p) ■ l(Bi) • 1 {T u+V <p + q)- 1 (T u+V < D x )} 



= E 



E 



l(fu<p)-l(B 1 )-l(T u+v <p + q)-l(T u+v <D l )\& l , 



where &\ a ,b] i s trie c-algebra determined by the environment outside of the strip [Z a ,Zj,]. Let us 
introduce the following notation: X, = Xf ,„ D\ the first time X, backtracks over Z\. „, , and 
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T v = inf{f :X r l> v}. Let r = j±. We now have 

P(r 1 , +v <p+<?,r„ +v <D 1 ) 



> E 



E 



E 



l(T u < p) ■ l(Bx) • 1(7; < q-r) ■ 1(T V < D x ) x i 

have 

1 it < p) ■ 1 (2?i) ■ 1 (f v < ? - r) • 1 (f v < Si ) 



Since l(fii) G ^[x- x- 1 we nave 



T U +2L 



= E 



-E 



l(f«<l»)-l(fv<?-r)-l(f ll <Di)-l(f v <fii)-l(fl2)-E[l(Bi)|^ 
l(fu<p)-HT v <q-r)-l(T u <D 1 )-l(f v <D l )-l(BC)-E\l(B 1 )\& 



Now we bound each of the two terms on the right hand side in the same way as we did in the proof 
of the lemma [TTTI to get 

P(r„+v < P + q, Tu+v < Di ) > c ■ E(l (f„ < p) ■ 1 (f„ < D X ) ■ 1 (f v < 9 ) • 1 (f v < Di)). 

We can now replace X with a process on the independent environment because it is sufficiently 
far away from X and use the independence to obtain 

E (T u +v <P + q, T u+V <Di) > c-P(f u <p,f u <Di)-P(T v <q-r,T v <Di) 

> c ■ P(T„ < p, T„ <Di) ■ F(T V <q-r,T Y <D x ). 

We can now proceed in the same way as in the case of the deterministic walk and establish the 
existence of the limit of the moment generating function. This completes the proof of 1 1.1 1 □ 
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